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a b s t r a c t
The Gale transform is an involution on sets of points in a projective space. It plays a crucial
role in several different subjects, such as algebraic geometry, optimization, coding theory,
etc. Sometimes, in the literature, the Gale transform is used implicitly, without mentioning
it as such. In the present paper, we give a short account of the algebraic and geometrical
implications that the Gale transform has when it is applied to sets of points in finite
projective spaces.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The Gale transform of a set T consisting of γ labelled points of a projective space PG(r, q) is an involution which maps
T into a set T ′ consisting of γ labelled points of PG(s, q), defined up to automorphisms of PG(s, q), with γ = r + s+ 2.
The simplestway to define theGale transformof a set of points is in terms of projective coordinates. Choose homogeneous
coordinates in such a way that the coordinates of the points of T are the rows of the matrix(
Ir+1
A
)
,
where In denotes the n× n identity matrix and A is an (s+ 1)× (r + 1)matrix. Then, the Gale transform of T is the set T ′
consisting of the points of PG(s, q)whose homogeneous coordinates are the rows of the matrix(
AT
Is+1
)
,
where AT is the transpose matrix of A.
For a historical account on the Gale transform, see [4] and the references therein.
2. Results
We provide an elementary proof of a crucial property of the Gale transform applied to the point set of a finite projective
line. A similar property, but in a weaker formulation, is described in [4].
Theorem 2.1. The Gale transform of the projective line PG(1, q), with q ≥ 4, is a normal rational curve of PG(q− 2, q).
Proof. Let ` = PG(1, q) be the projective linewhose point set is represented in terms of elements of Fq in the usualmanner:
` = { (1, λ) | λ ∈ Fq } ∪ {∞},
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with∞ = (0, 1). So, theGale transformof the points of ` yields the followingmatrix,whose rows come from the coordinates
of q+ 1 points of the space PG(q− 2, q):

Q1 1 1 1 · · · 1 1
Q2 1 λ λ2 · · · λq−3 λq−2
e0 1 0 0 · · · 0 0
e1 0 1 0 · · · 0 0
...
...
...
...
. . .
...
...
eq−3 0 0 0 · · · 1 0
eq−2 0 0 0 · · · 0 1

(1)
with λ 6= 0.
Let ϕ = (ϕ0, ϕ1, . . . , ϕq−1) be an embedding of ` into the projective space PG(q − 2, F) over the algebraic closure F of
the field Fq defined, on the points of ` \ {∞}, as follows:
ϕ : ` \ {∞} −→ PG(q− 2, F)
P(λ) = (1, λ) 7−→ (ϕ0(λ), ϕ1(λ), . . . , ϕq−1(λ)),
where
ϕi(λ) = λ
q−1 − 1
λ− ωi
with λ = ωj for a primitive element ω ∈ Fq and j ∈ {0, 1, . . . , q− 2}. Note that ϕi ∈ Fq[λ] because
ϕi(λ) = (λ− 1)(λ− ω)(λ− ω2) · · · (λ− ωi−1)(λ− ωi+1) · · · (λ− ωq−2).
The point P(0) is mapped by ϕ onto the point of PG(q − 2, q) with coordinates (1, ω−1, . . . , ω−i, . . . , ω−(q−2)), which
corresponds to the row Q2 of the matrix (1). The point P(1) is mapped by ϕ onto the point with coordinates (−1, 0, . . . , 0),
which corresponds to the row e1 of the matrix (1).
Now consider the point P(λ)with λ = ωj. Then,
ϕi(λ) =
{
0 if j 6= 0
1 if j = 0,
and hence the point P(λ) is mapped by ϕ onto the point of PG(q− 2, q), which corresponds to the row ej of the matrix (1)
with j ∈ {1, . . . , q− 2}.
It remains to study the behaviour of ϕ on the point∞. To do this, we change the parametrization of ` as follows:
` =
{(
1
τ
, 1
)
| τ ∈ Fq
}
∪ {O},
with O = (0, 1). Now the image under ϕ of∞, which is the point corresponding to the parameter τ = 0, can be computed
by means of
ϕi
(
1
τ
)
=
( 1
τ
)q−1 − 1
1
τ
− 1 =
(
1
τ
− 1
)(
1
τ
− ω
)(
1
τ
− ω2
)
· · ·
(
1
τ
− ωi−1
)(
1
τ
− ωi+1
)
· · ·
(
1
τ
− ωq−2
)
,
that is,
ϕi(∞) =
(
1
τ
)q−2
+ · · · .
Therefore, the point∞ is mapped by ϕ onto the point of PG(q− 2, q)with coordinates((
1
τ
)q−2
+ · · · ,
(
1
τ
)q−2
+ · · · , . . . ,
(
1
τ
)q−2
+ · · ·
)
.
Multiplying these coordinates by the common factor τ q−2 we obtain, for τ = 0, the point with coordinates (1, 1, . . . , 1) in
the space PG(q− 2, q), that is, the point corresponding to the row Q1 of the matrix (1).
Note that the points corresponding to the rows of the matrix (1) belong to a curve in PG(q − 2, q) which is birationally
equivalent to the line `, since all the ϕi are rational functions. This concludes the proof. 
Remark 2.2. When q is large enough, the proof of the previous theoremdoes not depend on the embedding of the projective
line PG(1, q) in a projective space of higher dimension, that is, the Gale transform of any subset of PG(1, q) ⊂ PG(t, q)
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is a subset of a normal rational curve. For the sake of clarity, we exhibit the following example obtained with the aid of
MAGMA [1].
In the projective plane PG(2, 4), where (X1, X2, X3) are projective homogeneous coordinates, consider without loss of
generality the line ` : X3 = 0 whose point set is {(1, 0, 0), (0, 1, 0), (1, ω, 0), (1, ω2, 0), (1, 1, 0)}, with ω a primitive
element of GF(4). With respect to the Gale transform, the essential part of ` is the subset {(1, ω, 0), (1, ω2, 0), (1, 1, 0)}
which – after truncation at the second coordinate – gives rise to the points (1, 1, 1) and (1, ω, ω2). By adding the
fundamental points of PG(2, 4)we get a conic of PG(2, 4).
The same procedure for q = 5 maps a line of PG(2, 5) onto a twisted cubic of PG(3, 5).
Lemma 2.3. The Gale transform of a k-cap in a projective space PG(r, q), k ≥ r + 4, is a k-cap in PG(k− r − 2, q).
Proof. It is an obvious consequence of [5, Theorem 27.5.4]. 
Proposition 2.4. Let T be any set consisting of k of points in PG(r, q), r ≥ 2 and k ≥ r + 4. Then the Gale transform T ′ of T
is a k-cap in PG(k− r − 2, q).
Proof. By Lemma 2.3 every setU consisting of noncollinear points of T yields a setU′ of noncollinear points of T ′, while
by Theorem 2.1 and Remark 2.2 every three collinear points of T yield three noncollinear points of T ′. 
Proposition 2.5. Let K be a k-cap in PG(r, q) andK ′ its Gale transform. ThenK andK ′ have isomorphic collineation groups.
Proof. It follows from the arguments used in the discussion after [5, Theorem 27.5.4]. 
Remark 2.6. A set of points in a projective space which is the Gale transform of itself is usually called a ‘‘self-associated set’’,
see [4]. Unlike the case of an algebraically closed field, self-associated sets in finite projective spaces are somehow rare, as
shown by the following results.
• A conic in PG(2, q) is self-associated if and only if q = 5. Indeed, let C be a conic in PG(2, q), Then γ = |C| = q+ 1, and
from the conditions γ = r + s+ 2 and r = s = 2 it follows q = 5.
• In PG(r, q) there is no self-associated setwhich is the complement of a hyperplane if q is odd. Indeed, letpi be ahyperplane
of PG(r, q). Then γ = qr = 2(r + 1), and this equality cannot hold unless q is even.
• The complement of a plane in PG(3, q) is self-associated if and only if q = 2. Indeed, let pi be a plane in PG(3, q). Then,
γ = |PG(3, q) \ pi | = q3 implies q3 = 8 and hence q = 2.
• The complement of a hyperplane in PG(r, 2) is a self-associated set if and only if r = 3. Indeed, let pi be a hyperplane of
PG(r, 2). Then, γ = |PG(r, 2) \ pi | = 2r . If r = s then 2r−1 = r + 1, which implies r = 3.
• The only finite projective space containing a self-associated set which is the complement of a hyperplane is PG(3, 2).
3. An application
In this section we show that sometimes the Gale transform of a set of points is interesting in its own right and that it
might have important applications, for instance, in group theory.
Let E be the elliptic quadric of PG(3, 3)whose points are
P1 = (1, 0, 0, 0), P2 = (0, 1, 0, 0), P3 = (0, 0, 1, 0), P4 = (0, 0, 0, 1),
P5 = (1, 1, 1, 0), P6 = (1, 0, 2, 1), P7 = (1, 2, 1, 2), P8 = (1, 1, 2, 2),
P9 = (1, 2, 0, 1), P10 = (0, 1, 1, 1).
Arrange the points of E in such a way that their coordinate vectors are the rows of the matrix(
I4
A
)
.
Then, the matrix associated to the Gale transform of E ′ of E is(
AT
I6
)
,
where
AT =
1 1 1 1 1 01 0 2 1 2 11 2 1 2 0 1
0 1 2 2 1 1
 .
From Proposition 2.5, E ′ has the same automorphism group G as E .
The rows ofAT generate a vector spaceV1 = V (4, 3). LetV = V (10, 3) be a 10-dimensional vector space overF3 equipped
with the standard scalar product. Then, the orthogonal complement of V1 in V is V⊥1 = V (6, 3) = V2.
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Table 1
The 30 blocks ofW10 over E ′ .
{P4, P5, P7, P9}, {P1, P2, P3, P9}, {P6, P8, P9, P10},
{P3, P6, P7, P9}, {P3, P5, P9, P10}, {P2, P5, P6, P7},
{P2, P7, P9, P10}, {P4, P5, P6, P10}, {P2, P4, P6, P9},
{P1, P2, P4, P7}, {P1, P2, P5, P10}, {P3, P4, P8, P9},
{P2, P3, P6, P10}, {P1, P5, P6, P9}, {P3, P5, P6, P8},
{P4, P6, P7, P8}, {P5, P7, P8, P10}, {P1, P6, P7, P10},
{P3, P4, P7, P10}, {P1, P4, P5, P8}, {P2, P4, P8, P10},
{P1, P2, P6, P8}, {P1, P4, P9, P10}, {P1, P7, P8, P9},
{P2, P3, P7, P8}, {P2, P5, P8, P9}, {P1, P3, P8, P10},
{P2, P3, P4, P5}, {P1, P3, P5, P7}, {P1, P3, P4, P6}.
Table 2
The 66 blocks of S(4, 5, 11) over E1 .
{P4, P6, P7, P9, P10}, {P1, P2, P5, P7, P8}, {P1, P2, P3, P4, P8},
{P1, P3, P4, P6, X1}, {P1, P3, P6, P7, P8}, {P1, P2, P4, P6, P10},
{P1, P2, P3, P9, X1}, {P2, P3, P5, P7, P9}, {P3, P4, P5, P6, P9},
{P2, P4, P6, P9, X1}, {P2, P6, P7, P8, P10}, {P3, P5, P6, P7, P10},
{P1, P3, P5, P8, P9}, {P4, P5, P8, P9, P10}, {P1, P4, P5, P6, P7},
{P2, P3, P7, P8, X1}, {P6, P8, P9, X1, P10}, {P2, P3, P4, P9, P10},
{P1, P2, P5, X1, P10}, {P2, P3, P6, X1, P10}, {P1, P5, P7, P9, P10},
{P1, P4, P7, P8, P10}, {P4, P6, P7, P8, X1}, {P1, P5, P6, P8, P10},
{P1, P4, P5, P8, X1}, {P1, P7, P8, P9, X1}, {P2, P3, P5, P8, P10},
{P3, P7, P8, P9, P10}, {P1, P3, P6, P9, P10}, {P2, P5, P6, P9, P10},
{P4, P5, P6, X1, P10}, {P5, P6, P7, P8, P9}, {P2, P3, P4, P5, X1},
{P2, P7, P9, X1, P10}, {P2, P4, P5, P7, P10}, {P4, P5, P7, P9, X1},
{P1, P2, P3, P7, P10}, {P5, P7, P8, X1, P10}, {P2, P5, P8, P9, X1},
{P3, P4, P6, P8, P10}, {P3, P4, P8, P9, X1}, {P1, P2, P4, P5, P9},
{P3, P6, P7, P9, X1}, {P1, P2, P3, P5, P6}, {P1, P3, P8, X1, P10},
{P2, P3, P6, P8, P9}, {P3, P4, P7, X1, P10}, {P3, P5, P6, P8, X1},
{P3, P4, P5, P7, P8}, {P1, P4, P9, X1, P10}, {P3, P5, P9, X1, P10},
{P1, P2, P4, P7, X1}, {P1, P2, P8, P9, P10}, {P1, P3, P4, P7, P9},
{P1, P5, P6, P9, X1}, {P1, P6, P7, X1, P10}, {P2, P5, P6, P7, X1},
{P2, P3, P4, P6, P7}, {P1, P2, P6, P8, X1}, {P1, P4, P6, P8, P9},
{P1, P2, P6, P7, P9}, {P2, P4, P7, P8, P9}, {P1, P3, P4, P5, P10},
{P2, P4, P5, P6, P8}, {P1, P3, P5, P7, X1}, {P2, P4, P8, X1, P10}.
The 10-caps in PG(5, 3) whose points can be arranged to produce the rows of a 10 × 6 matrix whose columns span a
vector space like the above V2 are called dual 10-caps of E in PG(3, 3).
Define over E ′ the incidence structure whose points are the points of E ′ and blocks are as in Table 1 (obtained under
the action of G on a first orbit [1]). Such an incidence structure turns out to be a Steiner system [2]. More precisely, it is a
Steiner system S(3, 4, 10) which is unique up to isomorphisms [3]. Such an incidence structure is denoted byW10 and it is
known as theWitt design. The automorphism group ofW10 is calledM10 and is isomorphic to a proper subgroup of PGL(2, 9)
containing PSL(2, 9).
The group G in its 6-dimensional representation is reducible. Indeed, it fixes a line ` with the following two orbits of
points;
`1 = {(1, 1, 0, 2, 2, 2), (1, 2, 2, 0, 1, 2)};
`2 = {(1, 0, 1, 1, 0, 2), (0, 1, 2, 1, 2, 0)}.
Call X1 the point (1, 1, 0, 2, 2, 2) of `1 and let
E1 = E ′ ∪ {X1}.
Define over E1 the incidence structure whose points are the points of E1 and blocks are as in Table 2. Such an incidence
structure turns out to be a Steiner system S(4, 5, 11)which is the unique Steiner systems with these parameters admitting
the Mathieu groupM11 as its automorphism group.
Now call X2 the point (1, 2, 2, 0, 1, 2) of `1 and let
E2 = E ′ ∪ {X1, X2}.
Define over E2 the incidence structure whose points are the points of E2 and blocks are as in Table 3. It turns out that such
an incidence structure is a Steiner system S(5, 6, 12), which is the unique Steiner system with these parameters admitting
the Mathieu groupM12 as its automorphism group.
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Table 3
The 132 blocks of S(5, 6, 12) over E2 .
{P5, P7, P8, X1, X2, P10}, {P2, P3, P4, P5, X1, X2}, {P4, P5, P6, P7, P8, P10}, {P3, P4, P5, P6, P7, X1},
{P1, P3, P6, P7, P8, X2}, {P3, P4, P5, P6, P9, X2}, {P1, P5, P8, P9, X1, P10}, {P1, P2, P4, P7, P9, P10},
{P2, P4, P5, P7, P8, X1}, {P1, P2, P4, P7, X1, X2}, {P1, P2, P5, P6, P8, P9}, {P1, P2, P3, P7, X2, P10},
{P2, P6, P7, P8, P9, X1}, {P3, P4, P5, P7, P8, X2}, {P1, P2, P8, P9, X2, P10}, {P1, P2, P4, P5, P6, X1},
{P3, P5, P6, P7, X2, P10}, {P3, P6, P7, P9, X1, X2}, {P1, P4, P5, P7, X1, P10}, {P1, P3, P4, P7, P9, X2},
{P2, P3, P5, P6, P9, X1}, {P1, P4, P6, P8, X1, P10}, {P2, P5, P8, P9, X1, X2}, {P3, P4, P5, P8, X1, P10},
{P1, P2, P5, P7, P9, X1}, {P2, P4, P5, P6, P7, P9}, {P2, P4, P5, P6, P8, X2}, {P1, P3, P6, P9, X2, P10},
{P3, P4, P8, P9, X1, X2}, {P1, P3, P5, P7, P8, P10}, {P2, P3, P4, P5, P8, P9}, {P1, P4, P6, P7, P9, X1},
{P3, P5, P6, P8, P9, P10}, {P4, P5, P6, P8, P9, X1}, {P2, P4, P6, P8, P9, P10}, {P1, P2, P3, P6, P8, P10},
{P1, P2, P3, P4, X1, P10}, {P1, P3, P5, P8, P9, X2}, {P1, P5, P6, P8, X2, P10}, {P1, P2, P3, P5, P9, P10},
{P2, P3, P6, P8, P9, X2}, {P1, P2, P6, P9, X1, P10}, {P1, P5, P6, P9, X1, X2}, {P2, P3, P7, P8, X1, X2},
{P1, P2, P4, P5, P9, X2}, {P1, P2, P6, P8, X1, X2}, {P5, P6, P7, P9, X1, P10}, {P1, P2, P3, P5, P6, X2},
{P2, P3, P4, P9, X2, P10}, {P2, P4, P5, P9, X1, P10}, {P1, P3, P6, P8, P9, X1}, {P1, P4, P9, X1, X2, P10},
{P5, P6, P7, P8, P9, X2}, {P1, P4, P5, P7, P8, P9}, {P4, P5, P6, X1, X2, P10}, {P2, P3, P6, X1, X2, P10},
{P3, P4, P7, X1, X2, P10}, {P2, P4, P6, P7, X1, P10}, {P2, P6, P7, P8, X2, P10}, {P1, P5, P7, P9, X2, P10},
{P2, P3, P4, P5, P6, P10}, {P1, P2, P3, P7, P8, P9}, {P2, P4, P5, P7, X2, P10}, {P1, P2, P4, P6, P7, P8},
{P1, P3, P4, P8, P9, P10}, {P1, P3, P4, P6, P7, P10}, {P2, P3, P4, P7, P9, X1}, {P3, P5, P6, P8, X1, X2},
{P1, P3, P4, P7, P8, X1}, {P2, P5, P6, P7, X1, X2}, {P1, P2, P3, P4, P6, P9}, {P1, P2, P3, P4, P5, P7},
{P1, P2, P7, P8, X1, P10}, {P2, P3, P5, P7, P9, X2}, {P1, P7, P8, P9, X1, X2}, {P1, P4, P5, P8, X1, X2},
{P1, P2, P3, P9, X1, X2}, {P2, P4, P8, X1, X2, P10}, {P1, P3, P4, P5, P6, P8}, {P3, P4, P6, P7, P8, P9},
{P1, P3, P7, P9, X1, P10}, {P2, P5, P6, P8, X1, P10}, {P4, P6, P7, P9, X2, P10}, {P4, P5, P7, P9, X1, X2},
{P1, P2, P4, P6, X2, P10}, {P1, P3, P5, P6, X1, P10}, {P1, P4, P7, P8, X2, P10}, {P3, P4, P6, P8, X2, P10},
{P1, P2, P5, P6, P7, P10}, {P1, P6, P7, X1, X2, P10}, {P1, P4, P5, P6, P9, P10}, {P3, P4, P5, P7, P9, P10},
{P1, P2, P5, P7, P8, X2}, {P2, P3, P5, P8, X2, P10}, {P1, P3, P5, P6, P7, P9}, {P1, P2, P6, P7, P9, X2},
{P3, P6, P7, P8, X1, P10}, {P1, P2, P3, P4, P8, X2}, {P2, P3, P4, P7, P8, P10}, {P2, P3, P8, P9, X1, P10},
{P3, P7, P8, P9, X2, P10}, {P1, P2, P5, X1, X2, P10}, {P4, P5, P8, P9, X2, P10}, {P6, P8, P9, X1, X2, P10},
{P2, P4, P7, P8, P9, X2}, {P3, P5, P7, P8, P9, X1}, {P2, P5, P6, P9, X2, P10}, {P1, P2, P4, P5, P8, P10},
{P1, P4, P5, P6, P7, X2}, {P1, P4, P6, P8, P9, X2}, {P4, P6, P7, P8, X1, X2}, {P4, P7, P8, P9, X1, P10},
{P1, P2, P3, P6, P7, X1}, {P3, P5, P9, X1, X2, P10}, {P2, P3, P5, P7, X1, P10}, {P1, P3, P4, P6, X1, X2},
{P2, P5, P7, P8, P9, P10}, {P2, P4, P6, P9, X1, X2}, {P2, P3, P4, P6, P8, X1}, {P2, P3, P5, P6, P7, P8},
{P1, P3, P8, X1, X2, P10}, {P1, P3, P4, P5, P9, X1}, {P1, P5, P6, P7, P8, X1}, {P1, P2, P3, P5, P8, X1},
{P2, P3, P6, P7, P9, P10}, {P2, P7, P9, X1, X2, P10}, {P1, P3, P5, P7, X1, X2}, {P1, P6, P7, P8, P9, P10},
{P1, P3, P4, P5, X2, P10}, {P1, P2, P4, P8, P9, X1}, {P3, P4, P6, P9, X1, P10}, {P2, P3, P4, P6, P7, X2}.
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